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RAREFIED-GAS HEAT TRANSFER BE" PARALLEL PIATES BY A MONTE CARLO METHOD 

by Morris P e r h t t e r  

L e w i s  Research Center 

Cleveland, Ohio 

ABSTRACT 

National Aeronautics and Space Administration 

The problem of rarefied-gas heat transfer between p r a l l e l  plates i s  t rea ted  by a Monte Carlo pro- 
cedure. Hard-sphere molecule co l l i s ions  a r e  assumed. 
be loca l ly  Maxwellian, with thermal velocity and density varying across the channel. 
density, and heat t ransfer  a r e  found for flow conditions ranging from Knudsen numbers of 0.05 t o  the  f ree-  
molecule regime f o r  a wall-temperature r a t i o  of 1 t o  4. 
of another Monte Carlo solution obtained by using a d i f fe ren t  method and were found t o  agree with those 
resu l t s ;  they were a l so  compared with other analytical  solutions.  
r e su l t s  obtained from a continuum solution with s l i p  boundaries except that the continuum conductivity w a s  
too high f o r  the  la rger  Knudsen number cases. 

The d is t r ibu t ions  of ta rge t  molecules a re  assumed t o :  
The temperature, 

The present r e su l t s  were compared with the  r e su l t s  

The present r e su l t s  a l so  agreed with the 
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AUSZU: 

Die Frage der Wgrmebbertragung i n  verdcnntem Gas zwischen parallelen P la t ten  wird m i t  Hilfe e iner  
Monte-Carlo Methode behandelt. ZusammenstMsse von Hartsph&enmolekiilen werden angenommen. E s  wird 
vorausgesetzt dass d ie  Beschussmolekiile Er t l ich  eine Maxwellverteilung haben und dass d ie  thermische 
Geschwindigkeit und Dichte i m  Querschnitt verinderlich sind. 
und Wirmecbertragung fiir Str&ungsbedingungen, d i e  zwischen Knudsenzahlen von 0.05 und dem f re i en  
MolekGlfluss fir e in  Verhiltnis von Wand zu Temperatur bei 1 : 4 liegen. 
werden m i t  den Resultaten e iner  anderen Monte-CarlolMsung unter Verwendung e iner  unterschiedlichen Methode 
verglichen una stimmten m i t  diesen Resultaten cberein; sie wurden auch noch m i t  anderen analytischen I,&!- 
ungen verglichen. 
m i t  Gle i t l in ien  erhaltenen Ergebnisse aber die Kontinuumleitfghigkeit war zu hoch i n  Fgllen m i t  gr6sseren 
Knudsenzahlen. 

Die Methode l i e f e r t  d i e  Temperatur, Dichte 

Die vorliegenden Ergebnisse 

Die gegenwgrtigen Resultate warm auch i m  Gleichklang m i t  durch eine Kontinuumlb'sung 

AHHOTUHR 

ElccneAyeTcR TennonepeAasa p a 3 p e ~ e ~ ~ n ~  r a 3 0 ~  MexAy napanenbanmi nnacTaHaMu C110c06oM 
MoHTe-Kapno. llpeAnonoraeTcn coyaapeHue xecTKux cQepusecKux MoneKyn. I~PHHXTO MecTHoe M a m -  
BennoBcKoe pacnpeaeneHue Monexyn mmem c nepeMeHHoi3 CKopocTbm TennoBoro AmareHun u 
nepeMeHHoft EnOTHOCTbK) nonepex xaaaaa. TeMnepaTypa, nnoTHocTb u TennonepeAasa Hai%AeHn 
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PeXUMa 06TeKaHHBR C KUCXaMU KHyJCeHa H a K U H a R  OT 0.05 A0 PeXElMa 06TeKaHUX C O  CB060aHblMU 

C O r J I a C H U .  Pe3ynbTaTH TaKXe 6nnu CpaBHeHH C APYrHMU BHaJIUTH~eCKUMH ~emeHURMU. OHU TaKXe B 
cnnomaoft c p e m  c rpaHaqaMa cxonbxeaun; HO npoaoAu- 

KHyAceHa. 

INTROIIJCTION 

In  rarefied-gas transport  problems, t he  
Navier-Stokes' equation f o r  momentum transfer o r  
the  Fourier equation f o r  conduction a re  no longer 
applicable because these equations assume loca l  
isotropy and small gradients compared with the 
path lengths of the  molecules. Therefore, the 
more fundamental Boltzmann equation must be re- 
sorted to.  
t he  usual analy t ica l  procedures because of its 
complexity. 

Most of t he  analyses of rarefied-gas heat 
t r ans fe r  have been f o r  the l inearized problem. A s  
ye t ,  few nonlinear r e su l t s  have been published. 
The present analysis of heat t r ans fe r  between par- 
a l l e l  p la tes  a t  d i f fe ren t  temperatures enclosing a 
ra ref ied  gas with hard-sphere molecule co l l i s ions  
i s  by a Monte Carlo procedure. 
duces t h e  complexity of the analysis thereby 
avoiding many of the  simplifying assumptions gen- 
e r a l l y  made i n  the  usual ana ly t ica l  procedures bu t  
a t  the  expense of added numerical computations. 

This equation is d i f f i c u l t  t o  t r e a t  by 

This method re- 

A l inearized solution t o  the  problem of heat 
t ransfer  between pa ra l l e l  plates enclosing a hard- 
sphere gas was analyzed by Gross and Ziering [1] . l  
They assume the  difference i n  wall temperature was 
small compred t o  the  mamitude of the  w a l l  temper- 
atures so that the  problem can be  described by the  
l inearized Boltzmann equation. The d is t r ibu t ion  
function was then approximated by half-range poly- 
nomials i n  velocity space and the space-dependent 
coefficient were determined by forming half-range 
moment equations. 

and Haviland [ 2 ]  for  hard-sphere molecule co l l i -  
sions by using Lee's moment method. This method 
consists of choosing a d is t r ibu t ion  of molecular 
ve loc i t ies  i n  the  form of half  Maxwellians t h a t  
contain a number of flmctions related t o  the  loca l  
density and thermal velocity. A suf f ic ien t  number 
of moment equations a re  then solved t o  determine 
these functions. Haviland and Lavin have a l so  
treated t h i s  problem by a Monte Carlo procedure 

The nonlinear problem w a s  t rea ted  by Lavin 

lNumbers in  brackets denote references. 
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[S I ,  [41, and [SI. 
the present analysis and that of Haviland and 
Lavin i s  i n  the  methods of choosing ta rge t -  
molecule co l l i s ion  partners and evaluating the 
loca l  mean properties. 

The major difference between 
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The Monte Carlo Procedure 

!be Monte Carlo procedure i s  a model sampling 
technique. 
sample molecules a re  followed through t h i s  model 
by making choices a t  points of decision from the  
appropriate probabili ty distribution. By averag- 
ing cer ta in  properties of the sample molecules at  
various positions, macroscopic quantit ies of in- 
t e r e s t  can be obtained. 

xz of 0 is considered t o  be at  temperature 
Tw and the  other w a l l  a t  x2 of D i s  at tem- 
peGature Tw 1. A rarefied,  hard-sphere molecule 
gas i s  contahed between the  walls. 

w a l l  0 by picking i t s  velocity components from 
the appropriate d i s t r ibu t ion  of ve loc i t ies  of t he  
absorbed and reemitted molecules. The space be- 
tween the  w a l l s  is  divided in to  zones as shown i n  
Figure 1. The sample molecule, after leaving the  
w a l l ,  w i l l  e i ther  pass through the  f i r s t  zone or 
w i l l  have a co l l i s ion  with a ta rge t  molecule in  
t h i s  zone. This w i l l  depend on whether t h e  path 
length t o  co l l i s ion  f o r  the  sample molecule is 
longer or shorter than the  distance the  sample 
molecule must t r ave l  t o  pass through the zone. I f  
the  sample molecule passes through the  f i r s t  zone 
with no co l l i s ion ,  it is s ta r ted  again at  the be- 
ginning of t he  next zone with i t s  velocity compo- 
nents unchanged. 

If there i s  a co l l i s ion  i n  the zone, however, 
t he  point of co l l i s ion  i s  found a t  the  end of t he  
path length t o  coll ision. The d is t r ibu t ion  of 
target-molecule ve loc i t ies  i s  assumed t o  have the  
form of a Maxwellian d is t r ibu t ion  throughout each 
zone. The d is t r ibu t ion  of target-molecule co l l i -  
sion partners is derived from t h i s  d i s t r ibu t ion  of 
t a rge t  molecules. A t a rge t  molecule is  picked from 
the  d is t r ibu t ion  of target-molecule co l l i s ion  part- 
ners i n  the  zone. A col l i s ion  calculation i s  car- 
r i ed  out for  the sample- and target-molecule col-  
l i s i o n  partners, and new velocity components are 
found f o r  the  sample molecules a f t e r  coll ision. 
The h is tory  of the sample molecule is then con- 
tinued from the  point of co l l i s ion  with the  new 
sample-molecule velocity components. The coll ision 
partner i s  ignored a f t e r  co l l i s ion  f o r  reasons dis- 
cussed in  [41. 

A new path length t o  co l l i s ion  i s  found fo r  
the  sample molecule, and t h i s  i s  compared i n  length 
with t h e  distance from the  point of co l l i s ion  t o  
the  zone boundary. I f  the  path length t o  coll ision 
is greater,  t he  sample molecule i s  s ta r ted  a t  t he  
beginning of the  next zone with i t s  velocity compo- 
nents unchanged. 
co l l i s ion  i n  the  zone and the co l l i s ion  calcula- 
t ions  a re  repeated as before. 

x2 = D, it is absorbed and reemitted with new ve- 
l oc i ty  components picked from the appropriate d i s -  
t r i bu t ion  of ve loc i t ies  based on the  temperature of 
the  w a l l .  After leaving the  upper w a l l  it is fo l -  
lowed as before. 

t e r e s t  a re  density distribution, temperature d is -  
t r ibu t ion ,  and heat t ransfer  across the channel. 

A model i s  created and h i s to r i e s  of 

The model i s  sham i n  Figure 1. The w a l l  a t  

The sample molecule h is tory  i s  s t a r t ed  a t  

In  the  other case, there is  a 

If the  sample molecule s t r ikes  the  w a l l  a t  

The transport  and f l u i d  charac te r i s t ics  of in- 

These can be obtained [6] by locating scoring posi- 
t ions at  various locations across the channel (see 
Fig. l j .  By scoring the  various characterist ics of 
the sample molecules as they pass the scoring cross 
section, the  transport  properties and f lu id  charac- 
t e r i s t i c s  of i n t e re s t  can be obtained a t  these 
scoring positions. 

the  ta rge t  molecules i n  each zone were i n  a 
Maxwellian velocity d is t r ibu t ion  based on the loca l  
temperature and density of each zone. From the  
Monte Carlo solution based on t h i s  assumed d i s t r i -  
bution of t a rge t  molecules, the  temperature and 
density at each scoring position a re  found. 
Monte Carlo solution i s  then rerun with the new 
loca l  temperature and density i n  the  Maxwellian 
d is t r ibu t ion  of t a rge t  molecules. The problem was 
i t e ra ted  in  t h i s  manner u n t i l  the density and tem- 
perature d is t r ibu t ion  found from the  sample mole- 
cule h is tor ies  agreed with the  density and temper- 
ature d is t r ibu t ion  used f o r  the  ta rge t  molecules. 

In  [SI, [41, and [SI, a Konte Carlo solution 
i s  used t o  t r e a t  t h e  present problem. That solu- 
t ion is carried out with an assumed d is t r ibu t ion  of 
ta rge t  molecules i n  a tabular form. By scoring the 
velocity components of many sample molecules as 
they pass through each zone, the velocity distribu- 
t ion  of the molecules i n  each zone can be obtained 
i n  tabular form. These velocity distributions a re  
then used as the target-molecule distributions i n  
the next i t e ra t ion .  This process i s  continued un- 
til the  sample-molecule d is t r ibu t ion  found agrees 
with the  target-molecule d is t r ibu t ion  assumed. 
Then, from the  d is t r ibu t ions  i n  each zone, the  
macroscopic quant i t ies  of i n t e re s t  can be found by 
numerical integration of the  moments of the  dis- 
tr ibution. This was carried out f o r  one hard- 
sphere-molecule case with a Knudsen number of 2 
and a wall-temperature r a t i o  of 1 t o  4. In  the  
present method, it i s  not necessary t o  find and 
store the en t i r e  d i s t r ibu t ions  of ta rge t  molecules 
i n  each increment since the  form of the  ta rge t  
molecule d is t r ibu t ion  is  assumed. 

co l l i s ion  p r t n e r s  a re  ignored, only conservation 
of mass i s  sa t i s f i ed  exactly since molecules a re  
not allowed t o  “disappear” i n  t r a n s i t  between the 
walls. Conservation of momentum and energy w i l l  
only be sa t i s f i ed  if  the  correct t a rge t  molecule 
d is t r ibu t ion  is assumed. 

I n  the  present analysis it w a s  assumed tha t  

The 

In  the present Monte Carlo solution, since the 

ANALYSIS 

Velocity Components of Emitted Sample Molecule 

The sample molecule h is tory  begins a t  the  sur- 
face a t  temperature Tw 0. It is assumed that the  
molecules incident on the  surface a re  per fec t ly  
accommodated; that is, they a re  i n  a Maxwellian 
d is t r ibu t ion  at  t h e  w a l l ,  based on the w a l l t e m -  
perature. This assumption is discussed i n  [71. 
In  t h i s  case, the  normalized Maxwellian velocity 
d is t r ibu t ion  of t he  molecules moving away from the  
w a l l  Vz > 0 is given as 

The p+ is the  number density of molecules 
moving Away from the  w a l l ,  and G,o is  the ther- 
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m a l  velocity based on the wall temperature 
r,-, 11/2 

The V?, Vr, and 0 picked give the  direc- 
t i on  and ve oc i ty  of the  sample molecule as it 

L(LK/MI'+,OJ ' - leaves the wall.. This same re su l t  w a s  used in  [41  
If we consider the posit ive x2 direction and [ 7 ] .  Finally, V1 and Vg can be obtained 

normal t o  the  w a l l ,  the  d is t r ibu t ion  of ve loc i t ies  +--- II vu 
of the  molecules leaving the  w a l l  per u n i t  time 
per un i t  area i s  V2f+,o ( [4 ]  and [6l) .  This d i s -  
t r ibu t ion  can be transformed t o  cy l indr ica l  coor- 
dinates 
and can be normalized by (V2) = E41 

Vg = Vr s in  0; V1 = Vr cos 0 (7 )  

VI = Vr cos 0, V2 = V2, Vg = Vr s i n  0 

t o  give +,o 

The d is t r ibu t ions  f o r  f&r2fv r  can be written 
separately as 

f g  dQ = do 
2n 

The ve loc i ty  components of our sample molecule 
leaving the surface must be picked from these d i s -  
t r ibu t ions .  
d i s t r ibu t ion  f o r  the high-speed computer i s  t o  
transform the  d is t r ibu t ion  t o  a uniform dis t r ibu-  
t i on  i n  R by se t t i ng  the  random number R equal 
t o  the  cumulative d is t r ibu t ion  function. For 
example, 

A convenient way of picking from a 

(4) 

Then, by using a high-speed computer t o  gen- 
e ra t e  a random number R between 0 and 1, 0 can 
be obtained from Equation (4 )  such that f o r  a 
large number of samples picked i n  t h i s  manner, the  
d is t r ibu t ion  In liquation (Sa ]  w i l l  be sa t i s f ied .  

Similarly, V2 can be picked from 

Or, since picking R i s  equivalent t o  picking 
1 - R, 

so that by picking I$, Vz can be obtained from 
Equation (6). 

manner and is given by 
The ve loc i ty  V, i s  obtained in  the  same 

Calculation of the Path Length h t o  Collision 

The probabili ty t h a t  a sample molecule w i l l  
coll ide in  the  incremental path length h t o  
h f dh is given i n  [8] as 

where h, i s  the mean f ree  path t o  co l l i s ion  of 
the sample molecule moving a t  velocity Vs i n  
t ha t  zone. 

A path length t o  co l l i s ion  fo r  the sample 
molecule from t h i s  d i s t r ibu t ion  can then be chosen 
by the  same procedure described ea r l i e r .  

A = -& In Rh (9 )  

To use t h i s  re la t ion ,  t he  mean f ree  path As i n  
the  zone must f i r s t  be calculated. 

As shown i n  Appendix A (Eq. (A14)), the  mean 
f r ee  path of a sample molecule moving at  ve loc i ty  
Vs through a Maxwellian gas at density p with a 
thermal velocity C i s  

where ps is the ve loc i ty  of t he  sample molecule 
nondimensionalized by the  thermal ve loc i ty  of the 
zone (ps = Vs/C). Elpation (10) can then be used 
i n  Equation (9) t o  obtain the distance t o  co l l i -  
sion for  the  sample molecule i n  the zone. 

Calculating New Sample-Molecule Velocitx 
Components After Collision 

The d is t r ibu t ion  of ve loc i t ies  of the  ta rge t  
molecules coll iding with the  sample molecule is 
given i n  Appendix B follows the  derivation i n  [e]. 
From t h i s  d i s t r ibu t ion ,  the velocity components of 
the target-molecule co l l i s ion  partner as given by 
Equation ( B l 2 )  a r e  chosen. The new ve loc i ty  com- 
ponents of the  sample molecule a f t e r  co l l i s ion  
with the  target-molecule co l l i s ion  p r t n e r  a re  
given, following the  derivation in  [4] .  
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where 

The values of H and E are  obtained by picking 
two random numbers tha t  a re  used in  the  following 
e quat ions 

H=2RH-1 Z.=2I1,-1 and b2=H2+$ (12) 

where b2 must be l e s s  than 1. If b2 is  
greater than 1, a new s e t  of random numbers must 
be chosen t o  find H and 

Macroscopic Flow Properties 

The macroscopic f lu id  charac te r i s t ics  needed 
are density, temperature, and heat t r ans fe r  across 
the  channel. 
various distances across the channel; as shown i n  
Figure 1. The average quantity of Q transported 
across the  scoring cross section p i n  the  posi- 
t i v e  x2 direction, can be writ ten as 

Scoring posit ions a re  located a t  

where S+,p is the  number of sample molecules 
passing across the  scoring cross section p i n  
the  pos i t ive  x2 direction and Q is some quan- 
t i t y  t h a t  each sample molecule carries.  Simi- 
larly, the  average quantity Q transported i n  the  

9 &ii-ectLiix i a  ----A>... 
I A S ~ , a  *I “e 

Since there i s  no net f low across the  channel 

and 

Hence, 

The number of sample molecules t h a t  pass the 
scoring cross section a t  p i n  the  posit ive V2 
direction, S+,p, divided by the  number of times 
the  sample molecule leaves wall  O,N can be  re- 
la ted  t o  the  mass flux passing i n  the  posit ive 
direction at  p by 

V2 

where p+ o(V)+,o, the  mass f lux  leaving w a l l  0, 
i s  equal 40 p+,~C,o/fi l /~ [41. Combining Equa- 
t ions  (16) and ( 1 7 )  r e su l t s  i n  

I f  Q i s  taken as 1/V2, Equation (18) becomes 

The average density i n  t h e  channel i s  then ob- 
tained by averaging the  density of all the scoring 
cross sections from p = 0 t o  p = p. 

As shown i n  [ 41, the  continuum solution, 
i s  given by 

The temperature can be obtained i n  a s i m i l a r  
manner. 
mass of a monatomic gas i s  equal t o  1/2(kT/M) 
times the  degrees of freedom 

The undirected k ine t ic  energy per uni t  

From Quat ion  (la), t h i s  can be writ ten as  

where p / ( ~ + , ~ )  is given by Equation (19). 
shown i n  [ 4 ] ,  t he  co l l i s ion less  solution, Kn + m, 

is given by 

As 

and the continuum solution, Kn + 0, is given by 
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2 = [I - (1 - I-:/")x]~'~ (21b) 
Tw,o 

Finally, the heat transer across the channel 
can be obtained from 

I w 
by using the p+/pA previously obtained, the fol- 
lowing is found. 

L J 

This can be nondimensionalized by 
2 [pe2(v: + <))]+,o = & (p+,o$,o)J and then, 

-q=- .1/2 1 

p*e ,  0 WJO 
2NC2 

The heat transfer 
channel as in the 
The heat transfer 
result as derived 

is then averaged across the 
case of the density (Eq. (2Ob)). 
is compared to the collisionless 
in [41: 

and to the continuum solution as given by 

RESULTS AND CONCLUSIONS 

The tpnlppmt1n-p np3 aPg?gity n i ~ t r i h n t j n n  r e -  
sults are sham in Figure 2 for a Knudsen number 
of 2 and wall-temperature ratios of 0.25 and 0.75. 
These results are compared with the one case car- 
ried out by the Monte Carlo procedure of [4] and 
are in good agreement. 
tion results [21 have a significantly different 
slope than the Monte Carlo results. 

with the present results. 
temperature difference case (Tw,l/TW,o = 0.75), 
the results agree with the linearized solution. 
For the larger wall-temperature differences, how- 
ever, where TwJl/TW,o = 0.25, the temperature is 
different in magnitude from the present result, 
although the shapes of the curve agree. In the 
linearized solution the centerline temperature is 
a Parameter taken midway between the walltemper- 
atures. The present results have their centerline 
temperature significantly below this value for the 
Knudsen number of 2; hence the large disagreement 
between the results. 

The nonlinear moment solu- 

The linearized solution [11 is also compared 
For the smaller wall- 

Also shown in Figure 2 are the slip continuum 
results. The continuum equations are solved by 
using the fluid temperature (slip temperature) 
near the walls rather than the wall temperatures 
as the boundary temperature. By using the slip 
temperatures that give the best fit to both the 
temperature and density results from the present 
solution, the results shown are obtained. These 
results indicate that the slip continuum densities 
and temperature curves agree well with the present 
results. The present results show the magnitude 
of the temperature slip between the wall and the 
fluid near the wall as well as the Knudsen layer 
where the fluid temperature near the wall deviates 
from the continuum results toward the walltemper- 
ature. 

sults for a range of Knudsen numbers are shown. 
These results are for a fixed value wall- 
temperature ratio of 0.25. They agree with the 
collisionless solution for the very large Knudsen 
number and approach the continuum solution for the 
values of the smaller Knudsen number. Figure 3 
also shows the temperature and density distribu- 
tion obtained from the aforementioned continuum 
slip solutions. 

by the continuum heat flux is plotted as a func- 
tion of the inverse Knudsen number for the wall- 
temperature ratio of 0.25. 
sult of 141 was solved for the inverse Knudsen 
number of 0.5 and found to agree with the present 
results and with the linearized solution of [l]. 
The nonlinear solution gave results above the lin- 
ear solution, while the present results fell below 
the linear solution for small Knudsen numbers. 

from the continuum solution with the slip boundary 
conditions. The slip boundary heat transfer is 
very high for larger Knudsen numbers, so that the 
slip approximation does not apply near the colli- 
sionless region. This could be because the noncon- 
tinuum conductivity, which is the first term in 
the series expansion of the second approximation 
in the Enskog method [4], is not appropriate in 
the present noncontinuum case. The results of 
Figure 4 indicate that if a conductivity lower 
than the continuum conductivity is used in the 
continuum solution with slip, the results would 
be in good agreement with the present case. 

the results obtained by the Monte Carlo method 
used in I41 for the one casc that YRS rnrrierl oct 
(h = 2,  Tw,l/TW,o = 0.25). The linear and the 
nonlinear solutions disagreed somewhat with the 
present result. This could be due partly to the 
approximation made in the other analysis and 
partly to the present assumption that the target 
molecules locally are in a Maxwellian distribution. 
The assumption of a local Maxwellian distribution 
for the target molecules would be most applicable 
near equilibrium conditions, that is, cases with 
small temperature gradients and short mean free 
paths. 
the more realistic two-sided Maxwellian as was 
used in [21. 

with slip boundaries, if the slip can be properly 
predicted, would give good results, except that 
for the larger Knudsen numbers, the continuum con- 
ductivity value is too high. 

able results for this problem. 
drawbacks to the method, however. 

In Figure 3, the temperature and density re- 

In Figure 4, the heat flux nondimensionalized 

The Monte Carlo re- 

A l s o  shown in Figure 4 is the heat transfer 

In conclusion, the present result agrees with 

The present results are being extended to 

The results indicate the continuum solution 

The Monte Carlo method seems to give reason- 
There are certain 

The error is 
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reduced by running a large number of samples, 
which run into large amounts of computing time. 
The computing time needed for a sample molecule 
was found to increase exponentially as the Knudsen 
number approached zero. 
sample run times for 10,000 samples were: Kn = 5, 
5 minutes; Kn = 2, 6 minutes; Kn = 0.5, 10 min- 
utes; Kn = 0.2, 15 minutes; Kn = 0.1, 25 minutes; 
and Kn = 0.05, 45 minutes. However, for problems 
of the present type, which are difficult to solve 
by other methods without mer simplifying assump- 
tions, the present method proved very useful. 

On the I B M  7094, typical 

C 
D 

erf (x) 

f 
f+, f- 

Kn 
k 
M 
N 

P 
Pf 
Q 
(Q) 

(Q)+ 

average thermal velocity, (2kT/M)'l2 
Channel height 

error function ( 2 1 4 3  J x  e-U2 du 

probability distribution function 
probability distribution function of 
molecules moving in positive, nega- 
tive V2 direction 

Knudsen number ?,,,ID = M / 6  S ~ A D  
Boltzmann constant 
mass of molecule 
number of sample molecules leaving sur- 
face 0 in Monte Carlo run, propor- 
tionalto flux of molecules leaving 
surface 0 

zone or scoring-position number 
last scoring-position number 
property of sample molecule 

averaged quantity f Qfd+ 

R random number between 0 and 1 
rT 
S mutual collision cross section xu2 
s+,s- 

wall temperature ratio q,l/Tw,o 

number of sample molecules through 
scoring position in positive, nega- 
tive x2 direction 

radial velocity; (+ + 

T absolute temperature 
V molecular velocity 
Vr 
V* velocity after collision 
xl, x2, x3 coordinates 

r defined by Eqs. (B6) and (B7) 
11 defined by Eqs. (B6) and (B7) 
Q 

h path length to collision 
AS mean free path length 
P dimensionless velocity, v/c 
~ R , A  defined by Eq. (All) 
P mass density 

cp angle between sample-molecule and 

collision rate of sample molecule with 
target molecules 

U diameter of hard-sphere molecule 

target-molecule velocities 

Subscripts: 

A averaged 
P increment number 
Pf 
R relative velocity 
S sample molecule 
t target molecule 
w,O;w,l at wall 0,l 
0,1 evaluated next to wall 0,l 
1,293 coordinate directions 
+t - 

last increment 

positive or negative direction 

APFENDJX A 

EVAWATTON OF MEAN FREE PATH 

'> d Q = * ( q -  c% 

2 
Vlt2 + V2t + v3t The number of collisions per unit time 

of a sample molecule moving at velocity V, 
through target molecules in velocity volume spce 
d%t 

d0 

for hard-sphere molecules is given in [ E ]  as 
",'R "lt dV2t w3t (A3) 

d0 = PftVRs d%t (All 

where VR is the velocity of the tarp;et molecules men transforming by a rotation, using 
relative to the sample-molecule velocity before 
collision, V R , ~  = Vt,i - V+, and S is the 
mutual-collision cross section xu2 where u is Vit = Aij Vjt 
the diameter of the molecule. The relative veloc- 
ity VR can then be written as where 

Eulerian angles as given in 191, yields 

(A44 
-1 ' 

For a Maxwellian distributim of target mole- 
cules, the collision rate can be written as 
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where the  inverse transformation i s  

where 

and where 

vr = (v: + and v = (v: + %)1/2 

Then, the  following is obtained: 

By transforming i n t o  spherical  coordinates 

v1i = vt cos e s in  9 

v2; = vt  cos 9 

v3; = Vt s i n  e s in  'p 

The following i s  obtained: 

where p i s  the nondimensionalized velocity 
V/C. 
t a rge t  molecules over a l l  velocit ies,  Equa- 
t i o n  (A9) must be integrated over 9, e, and pt. 
This can be integrated over 0 from 0 t o  Zn 
and over 'p from 0 t o  r[ t o  give 

To obtain the  t o t a l  co l l i s ion  r a t e  f o r  the 

where 

or 

Integrating over b from 0 t o  rn t o  
obtain the  t o t a l  co l l i s ion  frequency fo r  a sample 
molecule movihg a t  velocity ps through a 
Maxwellian gas w i l l  then produce 

The nondimensional mean f ree  path is then found, 
as discussed i n  [81, by dividing the  sample- 
molecule velocity by the  t o t a l  co l l i s ion  r a t e  t o  
give 

By using the  d i f in i t i on  of Knudsen number given 
by Equation (11) the  following can be written: 

A P m I X  B 

ECKING THE TARGET-MOLECULE COLLISION PARTNER 

The ve loc i ty  d is t r ibu t ion  of ta rge t  molecules The d is t r ibu t ion  i n  8 f o r  the  t a rge t  molecules 
t h a t  the sample molecule w i l l  coll ide with as ais- 
cussed i n  [l] i s  given by 

i s  readi ly  seen t o  be 

f g  de E (B2) 
- =  de [exP(-G)] G I R  s in  9 d9 de (B1) 2n e 

Then, the  8 can be picked from t h i s  d i s t r ibu t ion  
by 
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N 
N 

I N  n 
I 
GI 

0 = 2nRe (B3) 

The d is t r ibu t ion  of f o r  the  ta rge t  mole- 
cules is obtained from the  marginal d i s t r ibu t ion  

We can then pick from t h i s  d i s t r ibu t ion  as  before 

To f ind  cp f o r  the t a rge t  molecule, the dis- 
t r i bu t ion  of ta rge t  molecules as a product of a 
marginal d i s t r ibu t ion  times a conditional d i s t r i -  
bution can be written: 

Then, cp can be picked from the conditional d i s -  
t r i b u t  ion 

112 sin; dq (6. P2- 2P#t  cos 9) 
(B9) 

~ R , A  
f (V  I .t> = 

Plcking cp f o r  a given p.t i s  found as before 
from 

V ' l t  = p t  Cp cos e s i n  cp 

V I Z t  = h cp cos cp 

= h Cp s i n  0 s i n  cp 

and from Equation (A4) 

V2t = -."E) + V ' 2 . e ) -  v*3tr-) 2 s  v3s 

v3t = 0 + V '  ,,(?e) + V' 3{q) 

( B l l a )  

(Bllb) 

(Bllc) 

(B l2a )  

( B12b 

(BLZC)  
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Figure 2. - Distributions across channel for Knudsen number 2. 
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Figure 3. - Distributions for various Knudsen numbers; wall temperature ratio, 0.25. 
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Figure 4. - Dimensionless heat flux for wall-temperature ratio of 0.25. 
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